We calculate the self-energy anomaly of a pointlike electric dipole located in a static (2 + 1)-dimensional curved spacetime. The energy functional for this problem is invariant under an infinitedimensional (gauge) group of transformations parameterized by one scalar function of two variables. We demonstrate that the problem of the calculation of the self-energy anomaly for a pointlike dipole can be reduced to the calculation of quantum fluctuations of an effective two-dimensional Euclidean quantum field theory. We reduced the problem in question to the calculation of the conformal anomaly of an effective scalar field in two dimensions and obtained an explicit expression for the self-energy anomaly of an electric dipole in an asymptotically flat, regular (2+1)-dimensional spacetime which may have electrically neutral black-hole-like metrics with regular Killing horizon.
I. INTRODUCTION
Recently, it was demonstrated that the problem of the self-energy of pointlike scalar and electric charges in a D-dimensional static gravitational field can be reduced to the problem of calculation of vacuum fluctuations of a scalar field in the effective (D-1)-Euclidean quantum field theory. This theory, besides a dynamical scalar field ϕ includes (D-1)-dimensional metric g ab and a dilaton field α, which is related to the g tt component of the metric of the original theory. In our previous papers [1, 2] we showed that energy possesses the property of gauge invariance with respect to joint transformations of ϕ, g ab , and α. Standard regularizations, required to make the self-energy finite, break this invariance. As a result, the renormalized expression for the self-energy for pointlike charges acquires an anomaly. This anomalous contribution vanishes for even D and it is nontrivial in odddimensional spacetimes. This anomaly was calculated and discussed in [1, 2] . Using this approach we generalized the earlier obtained results [3] [4] [5] [6] for the self-energy of charges in the background of static black holes.
In this paper we apply the proposed method to the calculation of self-energy of pointlike electric dipoles. In three-dimensional spacetime the self-energy of an electric monopole has logarithmic divergency at the spatial infinity. In the case of compact manifolds it results in strong dependence on the boundary conditions. The anomalous term is local and can be calculated, but it is not very interesting because it boils down to the effective 2D "cosmological constant" correction. It does not lead to non-trivial self-forces dependent on the space curvature.
On the other hand, the self-energy of a pointlike dipole in three dimensions is infrared (IR) finite and is of the * vfrolov@ualberta.ca † ashoom@ualberta.ca ‡ zelnikov@ualberta.ca order of p 2 /ε 2 , where p is the electric dipole moment of a pointlike particle and ε is the characteristic size of the particle. The self-energy anomaly of a dipole also appears in odd-dimensional spacetimes. In the case of a dipole in three dimensions the anomaly proves to depend on the scalar curvature of a t = const spatial section. The specific properties of (2 + 1)-dimensional spacetime allow us to calculate the self-energy anomaly of dipoles explicitly for an arbitrary static spacetime. Here we shall consider regular, asymptotically flat spacetimes which may admit electrically neutral black-hole-like metrics with regular Killing horizon.
An effective three-dimensional electrodynamics often appears in condensed matter systems. The effective 3D Maxwell equations describe, for example, the dynamics of vortices on the films of superfluid 4 He (see, e.g. [7, 8] ). Usually the effective spatial geometry, which appears in these systems, does not obey the Einstein equations. Therefore, it's important to calculate the selfenergy anomaly in arbitrary (2+1)-dimensional static geometries.
In the present paper we use the system of units where G = c = 1 and the sign conventions for the metric and other geometrical quantities adopted in the books [9, 10] .
II. SELF-ENERGY OF AN ELECTRIC POINTLIKE DIPOLE IN A STATIC SPACETIME
A metric of a static 3-dimensional spacetime can be written in the following form:
where α and g ab are functions of the spatial coordinates x a , a = 1, 2. The 2-dimensional spatial metric g ab , at least locally, can always be written in the conformally flat form
whereḡ ab is the metric of a flat two-dimensional space. In Cartesian coordinates it reads
To construct 3-current of a pointlike electric dipole, let us consider two pointlike electric charges −q and q located at the points x a 0 and x a 1 , respectively. The 3-current of this charge configuration is 6) such that P is a finite quantity. Then, we can define a pointlike dipole moment located at x a 0 as follows:
The 3-current of the pointlike dipole reads
Note that according to our definitions, P = ΩP and n a = Ω −1na , Ω > 0, whereP is defined in the metric δ ab and n anb δ ab = 1. Thus, the pointlike dipole moment p a = P n a =Pn a =p a is conformal invariant. To find the self-energy of any electric charge distribution we begin with the electromagnetic field action
(2.9)
1 The vector x a 0 can, in principle, be defined at any point on the geodesic between x a 0 and x a 1 . In the limit x a 1 → x a 0 all such definitions become equivalent.
Here F αβ ≡ ∂ α A β − ∂ β A α is the electromagnetic field tensor and A α is the 3-vector potential of the field. The Maxwell equations are
where the ∇ α stands for the covariant derivative defined with respect to the 3-dimensional metric (2.1). For a static source J α = δ α 0 J 0 we can put A a = 0, then the Maxwell equations reduce to the form
which can be rewritten in terms of the vector potential A α = (A 0 , 0) as follows:
Using the static Green function of the Maxwell field (2.12) one can write
13) where the integral is taken over a 2-dimensional spacelike hypersurface Σ and the Green function G 00 solves the equation
14)
The energy of the electromagnetic field associated with the timelike Killing vector ξ α = δ α 0 is defined on a spacelike 2-dimensional hypersurface Σ as follows:
where n α = α −1 δ α 0 is the unit vector orthogonal to the hypersurface. The electromagnetic energy-momentum tensor is
and the self-energy of the electric dipole (2.8) takes the form
where A 0 is given by Eq.(2.13).
In what follows, we shall consider asymptotically flat static spacetimes of the form (2.1). Such spacetimes may admit black-hole-like metrics with regular Killing horizons, where α = 0. Integrating by parts we present the integral in (2.17) as an integral over the 2-dimensional space and a set of 1-dimensional integrals over the black hole horizon boundaries l h and the boundary at the spatial infinity l ∞ ,
(2.18)
In 2 + 1 dimensions, contrary to the case of four and higher-dimensional spacetimes, the self-energy of pointlike charges diverges at spatial infinity. Nevertheless, the self-energy of dipoles in low-dimensional electrodynamics is well-defined and IR finite. So, in the case of dipoles the only important divergencies are of ultraviolet (UV) origin. Here we are focusing on the proper treatment of the UV divergencies for pointlike sources. For the dipole source in an asymptotically flat (2 + 1)-dimensional spacetime the vector potential at the spatial infinity decreases as A 0 ∼ |x − x ′ | −1 , where |x − x ′ | is the proper distance between the points at x and x ′ . For this reason the surface integrals at l ∞ vanish. The potential A 0 is constant on a black hole horizon. In this case the surface integrals at l h are proportional to this constant and to the total charge of the black hole, Q h ,
(2.19) We consider the problem when the only charges are related to dipole in question and all black holes are neutral, i.e., Q h = 0. In this case all the surface integrals at l h vanish as well. Then, using the expression (2.13) we present Eq.(2.18) in the form [2] 
Following to the lines of the paper [2] we introduce a new field variable ψ such that
which satisfies the equation
Here △ is the 2-dimensional Laplace-Beltrami operator defined with respect to the metric g ab , V is the potential, and j is the effective scalar charge density,
The field ψ is chosen in such a way that the operator O is self-adjoint in the space with the metric g ab . In terms of the Green function of the operator (2.22) we obtain
The Green function G solves the following equation:
The Green functions G and G 00 are related to each other as follows:
and the energy functional (2.20) can be written as
Similarly to the case of electric charges in higherdimension [2] the self-energy functional for the energy of charge distributions in 2 + 1 dimensions is invariant under the following transformations of the metric (2.1), the field ψ, and the effective scalar charge density j:
From the point of view of a field theory on a 2-dimensional spatial slice, this symmetry is just the symmetry under the conformal transformation of the 2-dimensional metric g ab . Applying these transformations to the operator O we derive
where△ is the 2-dimensional Laplace-Beltrami operator defined with respect to the flat metricḡ ab . Note that the symmetry transformations (2.28) are identical to those for the self-energy of a scalar charge [1] . This identity happens to be true in a 3-dimensional spacetime only. The invariance with respect to the transformations (2.28) describes the classical symmetry of the system. For a pointlike charge distributions, the classical functional (2.17) diverges. The divergent part of the electromagnetic energy can be recombined with the contribution of nonelectromagnetic fields, which are responsible for the stability of a charge distribution (in our case a dipole), and also contribute to its bare mass. After this renormalization one obtains the finite total mass. Note that in a generic case nonelectromagnetic fields do not respect the observed symmetry. This is the cause of an anomalous contribution to the self-energy of charge distributions in curved spacetimes. To deal with the divergencies and to extract the anomalous terms we apply the regularization methods of quantum field theory [1] [2] [3] . In quantum field theory the fact that renormalization procedure breaks some symmetries of the classical theory is the cause of appearance of conformal, chiral, and other anomalies. In our case, the same arguments are applicable to the renormalized self-energy of classical sources. For the same reason their self-energy acquires anomalous terms. In fact, one could try to regularize self-energy of charges in quantum field theory from the very beginning and then apply the result to static charges, or, the other way around, apply quantum field theory regularization methods to classical static charge distributions. Both methods can be reduced to the regularization procedures of the Green functions in D and (D-1) dimensions correspondingly. As it was demonstrated in [11] these two regularization schemes eventually lead to the same result. In higher dimensions the structure of divergencies becomes considerably more complicated than in D≤ 4 (see, e.g., [12] ).
All the traditional methods of UV regularization like point-splitting, zeta-function and dimensional regularizations, proper time cutoff, Pauli-Villars, and other approaches are applicable to the calculation of the selfenergy. For our problem the most natural choice is to use the point-splitting regularization.
III. RENORMALIZED SELF-ENERGY OF AN ELECTRIC POINTLIKE DIPOLE
Using the expression (2.8) for the 3-current J α and the definition (2.23) for j(x) the self-energy of the pointlike dipole (2.27) can be written as
Here, in accordance with our previous discussion, we preformed the integration by parts and ignored vanishing surface terms.
Here and in what follows, the semicolon stands for the covariant derivative defined with respect to the metric g ab . The self-energy diverges due to pointlike nature of electric charges. In analogy with the calculation of the selfenergy of an electric charge, we shall calculate the renormalized self-energy of the electric dipole as follows:
where for brevity we have dropped the arguments of G.
Here G reg is the regularized Green function, 4) and the diverging part G div contains all the diverging terms appearing in G, ∂ a G, ∂ b ′ G, and G ;ab ′ .
It should be noted that, in terms of the field ψ (2.21) the self-energy (2.17)
(3.5) has the form of a two-dimensional Euclidean action functional
The functional (3.5) is similar to the functional Eq.(2.7) of the paper [1] , where we have studied the scalar charge distributions. The only difference is how interaction with the "dilaton" α enters the operator O. One can quantize this effective two-dimensional Euclidean field theory (3.6).
The quantum average ψ(x)ψ(x ′ ) over the Euclidean vacuum state |0 gives the Euclidean Green function G(x, x ′ )
which corresponds to the operator O (see (2.22),(2.25))
Using this relation between the Green function and the quantized field ψ and subtracting divergencies we get
Then we can present the self-energy as follows:
. (3.10)
In this representation, one can use the regularization methods of quantum field theory. According to the expressions (2.8) and (2.28), the Green function and the directional derivative p a ∂ a are conformal invariant. Therefore, the nonrenorlmalized ψ 2 , p a ψ ;a ψ , and p a ψ ;a p b ψ ;b are conformal invariant as well. If we subtract the diverging parts of these expressions, in accordance with (3.4), this conformal invariance gets broken. In order to restore the invariance, one should add an anomalous terms A(x), such that
The differences between the anomalous terms
12)
can be calculated as follows:
A. The Schwinger-DeWitt expansion of the Green function
To calculate the diverging part G div we use SchwingerDeWitt expansion. We begin with the heat kernel expansion for the operator O [see Eq.(2.22)] and define the heat kernel K(s|x, x ′ ) as a solution of the equation
where we introduced the mass term m 2 . Then, the Green function G is calculated as [cf. Eq.(2.25)]
The divergent terms of G which define G div are determined by the behavior of the heat kernel at sufficiently small s and can be found by using the standard Schwinger-DeWitt expansion
where ∆ 1/2 (x, x ′ ) is the Van Vleck-Morette determinant, which satisfies the following relation (σ ;a ≡ σ a ):
17) σ = (1/2)σ a σ a is one-half of the square of the proper distance between x and x ′ measured in the metric g ab , and a k 's are the Schwinger-DeWitt coefficients for the operator O. In the limit m 2 → 0 they satisfy the following relation:
where a 0 = 1. Taking the limit m 2 → 0 and neglecting the mass scale terms ln(m 2 ) we derive the sought diverging part of the Green function
where γ ≈ 0.57722 is Euler's constant. To calculate G, ∂ a G, ∂ b ′ G, and G ;ab ′ in the coincidence limit x ′ → x (σ → 0) we use the covariant expansions of ∆ 1/2 , a 1 , σ ;b ′ , and σ ;ab ′ (see [14, 15] ). The expansions of the sufficient order are given in the Appendix. Keeping the diverging and zero-order terms we derive
IV. SELF-ENERGY ANOMALY
The nonrenormalized self-energy functional (3.1) is invariant under spatial conformal transformations (2.28). According to the expressions (3.10) and (3.11), a subtraction of its diverging part breaks the invariance. There is the corresponding self-energy anomaly term which allows to restore the broken invariance as follows:
In accordance with (3.10) and (3.12), we can define the self-energy anomaly, ∆E ren , as
To calculate the self-energy anomaly we use the relations between σ andσ in the limit
we derive from Eq.(3.20)
2 The delta functions in this integral should be understood as the limit of a smeared localized distribution. For example one can consider δ 2 (x − x 0 ) → δ(|x − x 0 | 2 − ǫ 2 )/π, which is a distribution over a circle of a small radius ǫ. Performing integration at first and then taking the limit ǫ → 0 one can reproduce the formula (4.4).
Then, the self-energy anomaly is 6) where the Ricci scalar R corresponding to the metric g ab is expressed as follows:
Ultrastatic 3D spacetimes are especially interesting, since they naturally appear as effective geometries for excitations in a variety of condensed matter systems. Using the expression (4.6) one can easily calculate the selfenergy of a pointlike dipole in an ultrastatic spacetime α = 1,
(4.8)
V. CONCLUSIONS
In this paper, we demonstrated on the example of a three-dimensional static spacetime that the renormalized self-energy of a pointlike electric dipole in a static odd-dimensional spacetime contains an anomaly contribution. Note that this is quite general property and within our considerations we did not require that a threedimensional static spacetime satisfies the Einstein equations. We calculated explicitly this anomaly in a threedimensional static spacetime. In ultrastatic spacetimes the anomaly accounts for the whole effect for the selfenergy (self-mass) correction of an electric dipole. In this case the self-energy correction proves to depend on the geometry of the two-dimensional space and is proportional to its scalar curvature.
It is remarkable that a solution of the rather old classical problem of the self-energy can be reduced to the problem of Euclidean quantum field theory in the space of the codimension one. Using the methods of quantum field theory we are able to perform calculations of the classical self-energy of a very generic setup of the system of charges.
On can expect that the renormalized value of the selfenergy does not depend on the details of the regularization scheme [13] . In 2 + 1 dimensions the problem of self-energy is reduced to the effective quantum theory in a genetic two-dimensional space. But any twodimensional space is conformally flat and the transformations (2.28) relate an ultrastatic (2 + 1)-dimensional spacetime to flat one. This is why one can obtain an answer for the dipole self-energy explicitly for generic ultrastatic (2 + 1)-dimensional spacetimes.
